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The irreversible currents and entropy production rate of a dilute colloidal suspension are calcu-
lated using linear irreversible thermodynamics and the linear response theory. The “anomalous”
or “hidden” entropy that has been the subject of recent discussion in the context of stochastic
thermodynamics is fully accounted for in these classical frameworks. We show that the two distinct
formulations lead to identical results as long as the local equilibrium assumption, or equivalently
the linear response theory, is valid.
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In the last several decades, we have witnessed an enor-
mous development of thermodynamics of systems far
from equilibrium and with small sizes (see Refs. [1–3] and
references therein). The concepts of irreversibility and
entropy have been completely reformulated in the con-
text of stochastic thermodynamics and the fluctuation
theorems, in which the trajectories of fluctuating observ-
ables are directly linked to entropy production and the
quantification of irreversibility. Brownian motion of a
colloidal particle has often been employed as the sim-
plest archetypal model to formulate these theories and
to demonstrate their consequences [3]. Usually, the over-
damped Langevin equation, which neglects the effect of
inertia, is used since the time scale of relaxation of
the momentum is negligibly small in most realistic situ-
ations. However, recent studies have demonstrated that
the overdamped Langevin equation cannot correctly de-
scribe the entropy production rate even in the simplest
nonequilibrium system of a single Brownian particle in
a constant temperature gradient [4–10]. These studies
have shown that the true entropy production rate can
be obtained by incorporating the momentum as well as
the position of the particle into the stochastic equation.
In other words, the underdamped Langevin equation has
to be used to describe the entropy production even in
the limit of small mass or inertia. As the entropy pro-
duction cannot be captured by only using the slow vari-
able, or the position of the particle that is observed in
the usual experimental setting, it has been dubbed the
“anomalous” [4] or “hidden” entropy [7]. This anomalous
entropy production rate is written as [4]
d 〈Sanom〉
dt
=
(d+ 2)
6
∫
d~r ρ
k2B
ζT
|∇T |2, (1)
where ρ is the probability density of the particle position,
d is the spatial dimension, ζ is the friction coefficient
of the particle, kB is the Boltzmann constant, and T is
an inhomogeneous temperature field. More recently, the
formulation is generalized to a particle with rotational
degrees of freedom and in a convection [10].
On the other hand, the entropy production of macro-
scopic nonequilibrium systems is often described by clas-
sical linear irreversible thermodynamics (LIT). The the-
ory is based on the assumptions that the system is lo-
cally at equilibrium and that the irreversible currents are
linearly proportional to thermodynamic forces [11]. The
relationship between mesoscopic stochastic thermody-
namics and macroscopic LIT remains somewhat elusive.
Although Eq. (1) is obviously quadratic in thermody-
namic forces as prescribed by LIT [9, 12], the equivalence
of the two descriptions and its validity are yet to be clar-
ified.
In this paper, we show that the anomalous entropy
production given by Eq. (1) and the results of Refs. [9, 10]
are accounted for using only LIT and linear re-
sponse theory, or the Green-Kubo formula, both of which
are established as the hydrodynamic description of the
nonequilibrium systems. The result demonstrates the
equivalence between the stochastic and linear irreversible
thermodynamic descriptions as long as the local equilib-
rium condition is satisfied. Macroscopic LIT suffices
to describe the average of the entropy production up to
the quadratic order in ∇T . The benefit and advantage
of stochastic thermodynamics over LIT are the capabil-
ity of going beyond the local equilibrium regime, where
the effects of inertia and nonlinearity of thermodynamic
forces become relevant [6]. In addition, the stochastic
thermodynamics can describe the fluctuations of the en-
tropy directly in terms of the particle trajectories, which
is impossible in LIT. The starting point of LIT is the
local thermodynamic relation
ds =
∑
α
∂s
∂ϕα
dϕα, (2)
where s = s(~r, t) is the entropy per unit volume of
the system, ϕα(~r, t) is the local extensive variable and
∂s/∂ϕα is the conjugate intensive variable. An es-
sential assumption is that Eq. (2) holds locally so that
the system at each position relaxes sufficiently quickly
to an equilibrium state defined by the local variables.
2Usually, the slow and conserved quantities such as the
density, total momentum, and total energy fields have
to be employed as ϕα [11]. Since ϕα is a conserved
variable, its time evolution is written using the current
~Jα as ∂ϕα/∂t = −∇ · ~Jα. Furthermore, ~Jα can be de-
composed into the reversible and irreversible parts as
~Jα = ~J
(rev)
α + ~J
(irr)
α and the irreversible current is writ-
ten as
~J (irr)α =
∑
β
Lαβ ~Xβ, (3)
where ~Xβ = ∇(∂s/∂ϕβ) is the thermodynamic force and
Lαβ is the Onsager coefficient [13]. Plugging these ex-
pressions into Eq. (2), we obtain the entropy production
rate of the whole system S =
∫
d~r s expressed as
dS
dt
=
∫
d~r
∑
αβ
~XαLαβ ~Xβ ≥ 0, (4)
which is the second law of thermodynamics. On the other
hand, the linear response theory, or the Green-Kubo for-
mula, claims that the Onsager coefficient is microscopi-
cally expressed in terms of the two point correlation func-
tions at equilibrium as
Lαβ =
1
kBV
∫
∞
0
dt
〈
J
(irr)
0α (t)J
(irr)
0β (0)
〉
, (5)
where V is the volume of the system and J
(irr)
0α (t) is the
microscopic irreversible current fluctuation integrated
over the volume of the system [14, 15]. The Onsager
reciprocal relation Lαβ = Lβα is a direct consequence of
the microscopic time reversibility of the correlation func-
tion in Eq. (5).
Let us apply LIT to a dilute suspension of noninteract-
ing Brownian particles diffusing in a fluid in the presence
of a temperature gradient. We regard the system as
a two-component mixture which consists of Brownian
particles and solvent molecules. The relevant thermo-
dynamic variables are the number density of particles
and the total energy density ϕ = (ρ, e). Note that the
density of the solvent molecules does not need to be con-
sidered as the total momentum flow is conserved [11]. We
emphasize that e is the total energy density of both the
Brownian particles and the solvent. The energy of each
component is not the conserved quantity as they can ex-
change their momenta through the friction. The time
evolution of ρ and e is written as ∂ρ/∂t = −∇ · ~Jρ and
∂e/∂t = −∇ · ~Je. The total energy current, ~Je, contains
the contributions both of the Brownian particles and the
solvent. Here, we assume the contribution of the solvent
to be well decoupled from that of the Brownian particles,
so that we may write ~Je = ~Je,solvent+ ~Je,colloid. Hereafter,
we shall only consider the contribution of Brownian par-
ticles and simply denote ~Je,colloid as ~Je. In the absence
of convection, both ~Jρ and ~Je are purely irreversible
currents and, according to Eq. (3), are given by


~Jρ = Lρρ∇
(
−
µ
T
)
+ Lρe∇
(
1
T
)
,
~Je = Leρ∇
(
−
µ
T
)
+ Lee∇
(
1
T
)
,
(6)
where µ is the chemical potential. Lρe and Leρ are the
cross coefficients whose ratios with Lρρ are often called
the Soret and Dufour coefficients [11]. In the case of the
ideally dilute suspension, one can infer Lρe (and thus Leρ
from the reciprocal relation) from thermodynamic argu-
ment without resorting to the Green-Kubo formula. The
chemical potential for the dilute suspension (an ideal,
classical gas of colloids) is
µ = kBT
(
ln ρ−
d
2
lnT + C
)
, (7)
where C is a constant [16]. If the system is confined
in a box and is in the stationary state, ~Jρ = 0 and
the (osmotic) pressure must be spatially uniform, i.e.,
∇(ρkBT ) = 0. Comparing this to Eq. (6) and using the
chemical potential of Eq. (7), we arrive at
Lρe
Lρρ
=
(d+ 2)kBT
2
≡ h, (8)
where h is the partial enthalpy. Note that the Soret coef-
ficient for this system is a purely thermodynamic quan-
tity. Using this result, ~Jρ is written as
~Jρ = −D∇ρ−
ρD
T
∇T. (9)
Here D = kBLρρ/ρ is the diffusion coefficient. In the
dilute limit, ρ is proportional to the probability distri-
bution of a single Brownian particle and D becomes the
self-diffusion coefficient which is given by the Einstein re-
lation, kBT/ζ. Thus, Eq. (9) is equivalent to the Smolu-
chowski equation for a single particle under a tempera-
ture gradient [17, 18, 20].
We demonstrate that all elements of the Onsager ma-
trix can be derived from the Green-Kubo formula given
by Eq. (5). The microscopic irreversible currents of the
density and energy are given by [21]
~J
(irr)
0ρ (t) =
N∑
k=1
~vk(t), ~J
(irr)
0e (t) =
N∑
k=1
m
2
|vk(t)|
2~vk(t),
(10)
where N is the number of particles, m is the mass, and
~vk(t) is the velocity of the k-th particle. Using the
velocity correlation function of Brownian particles given
by
〈vki(t)vlj(0)〉 =
kBT
m
δklδije
−γt, (11)
3where γ ≡ ζ/m and the letters i and j represent the
coordinate, the Green-Kubo formula readily reproduces
the aforementioned result:
Lρρ =
ρT
ζ
=
ρD
kB
. (12)
The other coefficients can also be calculated by invoking
the fact that ~vk(t) follows Gaussian statistics and thus
all higher moments can be decomposed into multiples
of the second moment. For example,
〈
vkx(t)v
3
kx(0)
〉
=
3 〈vkx(t)vkx(0)〉
〈
v2kx(0)
〉
. After a straightforward calcu-
lation, we obtain Lρe = Leρ = (d + 2)ρkBT
2/2ζ = hLρρ
which reconfirms the result of Eq. (8) and thus Eq. (9).
Note that Eq. (9) was originally derived by adiabatic
elimination of the momentum from the Kramers equa-
tion [17, 18] or by taking the overdamped limit of the
underdamped Langevin equation [19], taking special care
with the interpretation of the multiplicative noise [20]. It
is interesting that the same equation can be derived from
the Green-Kubo formula.
Likewise, Lee can be calculated as
Lee =
1
kBV
∫
∞
0
dt 〈J0ex(t)J0ex(0)〉
= ρλT 2 + hLρe,
(13)
where λ is the thermal conductivity given by
λ =
(d+ 2)k2BT
6ζ
. (14)
Using these results, the energy current can be written
as the sum of the enthalpy current and pure heat flow
current as
~Je = h ~Jρ + ~Jq, (15)
where ~Jq = ~Je − h ~Jρ = −ρλ∇T . This expression is
often introduced in textbooks [11, 22]. Inserting all On-
sager coefficients evaluated above into Eq. (4), the en-
tropy production rate becomes
dS
dt
=
∫
d~r
[
1
Lρρ
~J 2ρ +
ρλ
T 2
|∇T |2
]
. (16)
The first term on the right hand side here corresponds
to the entropy production rate derived from stochastic
thermodynamics with the overdamped Langevin equa-
tion [1]. The second term is nothing but Eq. (1), the
result derived by Celani et al. using stochastic thermo-
dynamics with the underdamped Langevin equation [4].
Of course, the total entropy production rate of the
whole system is given by adding to the right hand side
of Eq. (16) the contribution of the heat flow by the sol-
vent which is expressed in the same form as Eq. (1) but
with ρλ of the solvent. With these results in mind, it
is natural that the Brownian particles convey heat and
thus generate entropy even when there is no mass flow
( ~Jρ = 0), in much the same way that the solvent fluid
does. In this sense, it may be somewhat misleading to
call this entropy production rate “anomalous” [4].
The above argument can be readily extended to Brow-
nian particles with rotational degrees of freedom [10].
For simplicity, we assume that the Brownian particle is
spherical and therefore the rotational degrees of freedom
are not coupled to the translational ones [10, 23]. As the
number of degrees of freedom is doubled, the partial en-
thalpy is replaced by h = (d+1)kBT and d/2 lnT in the
chemical potential, Eq. (7), is replaced by d lnT . Most
importantly, the irreversible energy current now includes
an extra energy term due to rotation and is given by
~J0e(t) =
N∑
k=1
(
m
2
|vk(t)|
2 +
I
2
|ωk(t)|
2
)
~vk(t) (17)
instead of Eq. (10), where I is the moment of inertia and
~ωk is the angular velocity. The Langevin equation for the
angular momentum is the same as in the translational
case, except that m and ζ are replaced by I and the
rotational friction coefficient ζR, respectively. Therefore,
the ~ωk correlation function is written as
〈ωkx(t)ωkx(0)〉 =
kBT
I
e
−γRt, (18)
where γR = ζR/I. Calculation of the Onsager coefficients
by the Green-Kubo formula is straightforward. Lρρ and
Lρe = Leρ are unchanged. For Lee, due to the extra
contribution from the rotational energy, λ is replaced by
λ+ λR with
λR =
dk2BT
m
1
γ + 2γR
. (19)
This is the result reported in Ref. [10].
Another interesting case is the system in the presence
of convective flow [10]. The entropy production rate of
incompressible viscous flow is written as [11, 24]
dS
dt
=
∫
d~r
η
2T
(
∂ui
∂xj
+
∂uj
∂xi
)2
, (20)
where η is the shear viscosity and ui is the velocity
field. It should be emphasized that both η and ui are
the quantities of the whole system, which comprises of
the mixture of Brownian particles and solvent. Again,
if the thermodynamics and dynamics of the Brownian
particles and solvent are well decoupled, we can write
η = ηsolvent+ ηcolloid and hereafter we shall consider only
the latter, which shall be denoted as η. The Green-Kubo
formula for the shear viscosity is [15]
η =
1
kBTV
∫
∞
0
dt 〈σ0xy(t)σ0xy(0)〉 , (21)
4where σ0xy(t) is the stress tensor fluctuation given by
σ0xy(t) =
∑
kmvkx(t)vky(t). Unless the rotational de-
grees of freedom couple to the translational one, the
stress correlation function is easily calculated to give
η =
mρkBT
2ζ
. (22)
Eq. (20) together with this expression is the result re-
ported in Ref. [10].
The above results claim that the average of the en-
tropy production rate evaluated from the underdamped
stochastic thermodynamics [4–10] is equivalent to that
obtained from LIT. We emphasize that LIT is valid
at slow time scales where the overdamped approxima-
tion is valid as is obvious from the diffusion equation
given by Eq. (9). It is not necessary to explore short
time scales in order to retrieve the correct entropy pro-
duction rate. The reason why LIT explains the entropy
production rate correctly at the overdamped limit while
the overdamped stochastic dynamics does not is because
information about the momenta of particles is correctly
taken into account in LIT. For example, the energy den-
sity e contains the kinetic contribution. Moreover, the
subtlety that comes into play when bridging the gap be-
tween overdamped and underdamped stochastic thermo-
dynamics in nonequilibrium systems does not appear in
LIT because the Onsager coefficients such as D and λ
are calculated using only fluctuations at equilibrium, and
the Green-Kubo integrals are not affected by the time
scales of the dynamics [17, 18]. The prerequisite for the
underdamped stochastic thermodynamics to be equiva-
lent to LIT is the local equilibrium assumption under
which the linear response theory is validated. Indeed,
one can show that extending the description to shorter
time scales does not alter the entropy production rate as
long as the local equilibrium condition holds. At shorter
time scales, or in the underdamped case, the relaxation
of ~Jρ becomes relevant and, therefore, ~Jρ should be up-
graded to a thermodynamic variable. Concomitantly,
the total energy should be redefined as e = e′+mJ2ρ/2ρ,
as discussed in Chapter III. §4 of Ref. [11]. It is natu-
ral to expect that the underdamped equation for ~Jρ is
obtained by simply adding the inertial term to the over-
damped equation, Eq. (9) [11, 25];
m
ζ
∂ ~Jρ
∂t
= − ~Jρ +D∇ρ+
ρD
T
∇T. (23)
The irreversible part of the energy current is now given
by ~Jq and not by ~Je because the partial enthalpy cur-
rent, h ~Jρ, in Eq. (15) should be regarded as the re-
versible current. Corresponding to this re-definition, the
microscopic energy current in Eq. (10) should be re-
placed by ~J
(irr)
0e (t) =
∑N
k=1(
m
2 |vk(t)|
2 − h)~vk(t), which
leads to the Onsager coefficient Lee = ρλT
2 instead of
Eq. (13). Therefore, the entropy production rate in the
underdamped dynamics is
dS(ud)
dt
=
∫
d~r
[
ζ
ρT
~J 2ρ +
ρλ
T 2
|∇T |2
]
, (24)
which is identical to the overdamped case, Eq. (16). This
result bolsters our conclusion that the overdamped de-
scription correctly describe “anomalous” entropy pro-
duction. Although appealing, there is a caveat that
should be addressed. Eq. (23) is valid only if the local
equilibrium condition is satisfied. But in most realistic
situations, the relaxation time γ−1 = m/ζ is comparable
with or shorter than the time scale required for local
equilibration to be achieved.
The importance of the local equilibrium assumption
upon which LIT is based cannot be overstated. As was
clearly demonstrated by Widder and Titulaer [18] for the
same system as the one considered in this paper, the local
equilibrium condition is violated if the parameter
ε ≡
1
γ
√
kBT
m
×
|∇T |
T
(25)
is large. In the lowest order in ε, their result leads to
the same conclusions as this paper and Ref. [4]. The
higher order corrections due to finite ε correspond to the
higher order terms in the γ−1 expansion of the Kramers
equation [12, 18], or the Burnett corrections. The cor-
rections have been evaluated and assessed by Spinney et
al. [6]. The situations where ε is large would be exactly
the realm where the stochastic thermodynamic descrip-
tion with the full-phase description of the momentum and
position is indispensable and beneficial. But otherwise,
the linear irreversible thermodynamics with the linear re-
sponse theory (the Green-Kubo formula) would suffice as
demonstrated in this paper.
Lastly, an external conserved force can be also included
in the formulation discussed in this paper. One can sim-
ply add a potential φ(x) to the enthalpy and the chemical
potential. However, the spatial variance of φ(x) should
be small enough not to undermine the local equilibrium
condition.
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